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ON THE MULTIPLE EXTERIOR DEGREE OF FINITE GROUPS
RASHID REZAEI, PEYMAN NIROOMAND, AND AHMAD ERFANIAN
Abstract. Recently, two first authors have introduced a group invariant,
which is related to the number of elements x and y of a finite group G such
that x∧ y = 1 in the exterior square G∧G of G. Research on this probability
gives some relations between the concept and Schur multiplier and the capa-
bility of finite groups. In the present paper, we will generalize the concept of
exterior degree of groups and we will introduce the multiple exterior degree
of finite groups. Among the other results, we will state some results between
the multiple exterior degree, multiple commutativity degree and capability of
finite groups.
1. Introduction
Let (g, h) 7→ hg be the conjugation action of G on itself and [g, h] = ghg−1h−1.
In [3, 4, 5] the tensor square G⊗G is defined as the group generated by the symbols
g ⊗ h subject to the relations
gk ⊗ h = ( gk ⊗ gh)(g ⊗ h) and g ⊗ hk = (g ⊗ h)( hg ⊗ hk) for all g, k, h ∈ G.
The exterior square G∧G is obtained by imposing the additional relations g⊗g = 1
(g ∈ G) on G⊗G. The definition emphasizes there is an epimorphism κ from G⊗G
to G
′
defined on the generators by κ(g⊗h) = [g, h] for all g, h ∈ G, and its kernel is
denoted by J2(G). Let ∇(G) be the subgroup of J2(G), generated by all elements
g⊗ g, for all g in G. Then G∧G = G⊗G/∇(G) and the image of x⊗ y is denoted
by x ∧ y for all x and y in G. Since κ(∇(G)) = 1, κ induces the epimorphism κ
′
from G ∧G onto G
′
with M(G), the Schur multiplier of the group G, as its kernel
(see Miller [8]).
In this context, if x ∈ G, the exterior centralizer of x in G is the set C
∧
G(x) =
{y ∈ G | x∧ y = 1}, which turns out to be a subgroup of G and the exterior center
of G, which is denoted by Z
∧
(G), is the intersection of all exterior centralizers of
elements of G;(see Bacon and Kappe [1]). Ellis in [6] showed that a group G is
capable if and only if Z
∧
(G) = 1.
The exterior degree of finite groups is introduced in [11], by two first authors,
which is the probability for two elements of G like x and y such that x ∧ y = 1.
The aim of paper is a generalization of the concept of exterior degree of groups.
We define the multiple exterior degree of a finite group and try to find some upper
bounds for this degree and state some relations between multiple exterior degree,
multiple commutativity degree and capability of groups.
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2. Some known results
In this section we are reminded some known results for the multiple commuta-
tivity degree and exterior degree of finite groups. For a finite group G the multiple
commutativity degree of G (denoted by dn(G)) is defined by
dn(G) =
|{(x1, x2, ..., xn+1) ∈ G
n+1 : xixj = xjxi, for all 1 ≤ i, j ≤ n+ 1}|
|G|n+1
.
Clearly d0(G) = 1 and G is abelian if and only if dn(G) = 1. For the case for which
n = 1, d1(G) = d(G) is called the commutativity degree of group G that is equal
to k(G)/|G|, where k(G) is the number of conjugacy classes of G. (see Lescot [7]).
Lemma 2.1. Let G be a finite group. Then for all n ∈ N,
dn(G) =
1
|G|n+1
∑
x∈G
|CG(x)|
ndn−1(CG(x)).
Proof.
dn(G) =
1
|G|n+1
|{(x1, x2, · · · , xn+1) ∈ G
n+1 : xixj = xjxi, for all 1 ≤ i, j ≤ n+ 1}|
=
1
|G|n+1
∑
x∈G
|{(x1, x2, · · · , xn) ∈ (CG(x))
n : xixj = xjxi, for all 1 ≤ i, j ≤ n}|
=
1
|G|n+1
∑
x∈G
|CG(x)|
ndn−1(CG(x)).

The following Lemma is a consequence of Lemma 2.1.
Lemma 2.2. [7, Lemma 4.1] Let g1, · · · , gk(G) be a system of representative for the
conjugacy classes of G. Then for all n ∈ N,
dn+1(G) =
1
|G|
k(G)∑
i=1
1
|cl(gi)|n
dn(CG(gi))
Theorem 2.3. Let N be a normal subgroup of finite group G. Then,
dn(G) ≤ dn(
G
N
).
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Proof. Use induction on n. In the case for which n = 1, the result follows by Lescot
([7] Lemma 1.4). Now by Lemma 2.1 and using inductive hypothesis,
|G|n+1dn(G) =
∑
x∈G
|CG(x)|
ndn−1(CG(x))
=
∑
x∈G
|CG(x)N |
n
[CG(x)N : CG(x)]n
dn−1(CG(x))
=
∑
S∈G/N
∑
x∈S
∣∣∣∣CG(x)NN
∣∣∣∣
n
|CN (x)|
ndn−1(CG(x))
≤
∑
S∈G/N
∑
x∈S
|CG/N (xN)|
ndn−1(CG/N (xN))|CN (x)|
n
=
∑
S∈G/N
|CG/N (S)|
ndn−1(CG/N (xN))
∑
x∈S
|CN (x)|
n
≤ |N |n+1
∑
S∈G/N
|CG/N (S)|
ndn−1(CG/N (S))
= |N |n+1|G/N |n+1dn(
G
N
).
Hence dn(G) ≤ dn(G/N). Now if N ∩G
′
= 1, then d(G) = d(G/N), CG(x)N/N =
CG/N (xN) and dn−1(CG(x)) = dn−1(CG/N (xN)). Therefore all inequalities should
be changed into equalities, and so dn(G) = dn(G/N). 
Proposition 2.4. Let G be a non-abelian group. Then for all n ∈ N,
dn(G) ≤
pn+1 + pn − 1
p2n+1
,
and the equality holds if and only if G/Z(G) is an elementary abelian p-group of
rank 2.
Proof. We proceed by induction on n. For n = 1 the proof is clear by [7, Lemma
1.3]. Now assume that the result is true for n. Then by using Lemma 2.1,
dn(G) =
1
|G|n+1
∑
x∈G
|CG(x)|
ndn−1(CG(x))
=
1
|G|n+1

 ∑
x∈Z(G)
|CG(x)|
ndn−1(CG(x)) +
∑
x∈G\Z(G)
|CG(x)|
ndn−1(CG(x))


≤
1
|G|n+1
(
|Z(G)||G|ndn−1(G) +
(|G| − |Z(G)|)|G|n
pn
)
=
1
pn
+
|Z(G)|
|G|
(
dn−1(G)−
1
pn
)
≤
1
pn
+
1
p2
(
pn + pn−1 − 1
p2n−1
−
1
pn
)
=
pn+1 + pn − 1
p2n+1
and the inequality is proved at most for n+1. Assume thatG/Z(G) is an elementary
abelian p-group of rank 2. We have dn(CG(x)) = 1 for all x ∈ G \Z(G) and by the
4 R. REZAEI, P. NIROOMAND, AND A. ERFANIAN
similar computations as above we can prove that
dn(G) =
pn+1 + pn − 1
p2n+1
.
Conversely, let the equality holds, then
pn+1 + pn − 1
p2n+1
= dn(G) =
1
|G|n+1
∑
x∈G
|CG(x)|
ndn−1(CG(x))
≤
(
|Z(G)|
|G|
dn−1(G) +
1
pn
(1 −
|G|
|Z(G)|
)
)
=
1
pn
+
|Z(G)|
|G|
(
dn−1(G) −
1
pn
)
≤
1
pn
+
|Z(G)|
|G|
(
pn + pn−1 − 1
p2n−1
−
1
pn
)
.
It follows that |G|/|Z(G)| ≤ p2 and so by the assumption G/Z(G) ∼= Zp × Zp. 
Note that in the above theorem, if G is a finite non-abelian group of even order,
then dn(G) is at most (3 · 2
n − 1)/22n+1 (see [7]).
Our result gives a sharper upper bound for dn(G) under some conditions.
Theorem 2.5. Let p be the smallest prime number dividing the order of finite
non-abelian group G. If Z(G) ∩G
′
= 1, then
dn(G) ≤
1
pn
.
Proof. We proceed by induction on n. Thanks to Proposition 3.3 in [10] we have
d(G) ≤ 1/p and so by Lemma 2.2,
dn(G) =
k(G)∑
i=1
1
|cl(gi)|n−1
dn−1(CG(gi))
=
1
|G|
(
|Z(G)|dn−1(G) +
1
pn−1
(k(G) − |Z(G)|)
)
=
1
pn−1
d(G) +
|Z(G)|
|G|
(dn−1(G)−
1
pn−1
) =
1
pn
.

The concept of exterior degree of finite group, d
∧
(G), is defined in [11] as the
probability for two elements x and y in G such that x ∧ y = 1. In other words
d
∧
(G) = |C2|/|G|
2, where C2 = {(x, y) ∈ G × G : x ∧ y = 1}. Furthermore, G is
called unidegree, if d(G) = d
∧
(G) and one can show that every unicentral group,
Z(G) = Z
∧
(G), is unidegree. (See [11]).
Lemma 2.6. [11, Lemma 2.2] Let g1, · · · , gk(G) be a system of representative for
the conjugacy classes of G. Then
d
∧
(G) =
1
|G|
k(G)∑
i=1
|C
∧
G(gi)|
|CG(gi)|
.
The following upper bounds that have introduced in [11] will be generalized in
the next section.
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Theorem 2.7. [11, Theorem 2.3] For every finite group G,
d
∧
(G) ≤ d(G)−
(
p− 1
p
)(
|Z(G)| − |Z
∧
(G)|
|G|
)
,
where p is the smallest prime number dividing the order of G.
Corollary 2.8. [11, Corollary 2.4] Let p be the smallest prime number dividing the
order of G, then:
(i) if G is non-cyclic and abelian, or G is non-abelian, then d
∧
(G) ≤ (p2+p−1)/p3;
(ii) if G is non-abelian and Z
∧
(G) is a proper subgroup of Z(G), then d
∧
(G) ≤
(p3 + p− 1)/p4;
(iii) G is cyclic if and only if d
∧
(G) = 1.
3. multiple exterior degree
In this section we will introduce the multiple exterior degree of a finite group
and we will state some results for the new concept.
Definition 3.1. Let G be a finite group, the multiple exterior degree of G is defined
as the ratio
D
∧
n(G) =
|{(x1, x2, ..., xn+1) ∈ G
n+1 : xi ∧ xj = 1, 1 ≤ i, j ≤ n+ 1}|
|G|n+1
.
It is clear that D
∧
0 (G) = 1 and in the case that n = 1, we denote D
∧
1 (G) by d
∧
(G),
the exterior degree of G. Furthermore, one can check that G is cyclic if and only if
D
∧
n(G) = 1.
Lemma 3.2. Let G be a finite group. Then for all n ∈ N,
D
∧
n(G) =
1
|G|n+1
∑
x∈G
|C
∧
G(x)|
nD
∧
n−1(C
∧
G(x)).
Proof.
D
∧
n(G) =
1
|G|n+1
|{(x1, x2, ..., xn+1) ∈ G
n+1 : xi ∧ xj = 1 for all 1 ≤ i, j ≤ n+ 1}|
=
1
|G|n+1
∑
x∈G
|{(x1, x2, ..., xn) ∈ (C
∧
G(x))
n : xi ∧ xj = 1 for all 1 ≤ i, j ≤ n}|
=
1
|G|n+1
∑
x∈G
|C
∧
G(x)|
nD
∧
n−1(C
∧
G(x)).

Proposition 3.3. {D
∧
n(G)}n≥1 is a descending sequence.
Proof. We may proceed by induction on n.
D
∧
2 (G) =
1
|G|
∑
x∈G
(
1
[G : C
∧
G(x)]
)2D
∧
1 (C
∧
G(x)) ≤
1
|G|
∑
x∈G
(
1
[G : C
∧
G(x)]
) = D
∧
1 (G).
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Now assume that the result holds for n, then
D
∧
n+1(G) =
1
|G|
∑
x∈G
(
1
[G : C
∧
G(x)]
)n+1D
∧
n(C
∧
G(x))
≤
1
|G|
∑
x∈G
(
1
[G : C
∧
G(x)]
)nD
∧
n−1(C
∧
G(x)) = D
∧
n(G).

Proposition 3.4. For all n ≥ 1, D
∧
n(G) ≤ dn(G).
Proof. The proof is clear by Lemma 3.2 and using induction on n. 
In Proposition 3.4 if the equality holds, then G is called multiple unidegree group.
By Theorem 3.2 and using induction, one can show that if G is unidegree group,
d(G) = d
∧
(G), then G is a multiple unidegree group. Furthermore the mapping
f : CG(x)→M(G) by the rule f(y) = x∧y is a homomorphism with kernel C
∧
G(x).
Therefore if M(G) = 1, then C
∧
G(x) = CG(x) and so G is multiple unidegree.
Lemma 3.5. Let {x1, x2, ..., xk(G)} be a system of representative for the conjugacy
classes of a finite group G, then
D
∧
n(G) =
1
|G|n
k(G)∑
i=1
|C
∧
G(xi)|
n
|CG(xi)|
D
∧
n−1(C
∧
G(xi)).
Proof. Since for every element g in G, C
∧
G(x
g) = C
∧
G(x)
g , then |C
∧
G(x
g)| = |C
∧
G(x)|
and D
∧
n(C
∧
G(x)) = D
∧
n(C
∧
G(x
g)) for all n ≥ 0, and hence the result holds by Lemma
3.2. 
The following technical result is a generalization of Theorem 2.7 and play im-
portant rule in proving the main result.
Theorem 3.6. Assume that G is a finite group and p is the smallest prime number
dividing the order of G. Then
D
∧
n(G) ≤
1
pn−1
d(G) +
(1− p)|Z(G)| − (1− pnD
∧
n−1(G))|Z
∧
(G)|
pn|G|
.
Proof. Since for all xi ∈ G \ Z
∧
(G) one has [G : C
∧
G(xi)] ≥ p, by Lemma 3.5 we
have,
D
∧
n(G) =
1
|G|n
k(G)∑
i=1
|C
∧
G(xi)|
n
|CG(xi)|
D
∧
n−1(C
∧
G(xi))
≤
|Z
∧
(G)|
|G|
D
∧
n−1(G) +
|Z(G)| − |Z
∧
(G)|
|G|pn
+
k(G)− |Z(G)|
|G|pn−1
=
1
pn−1
d(G) +
|Z
∧
(G)|
|G|
D
∧
n−1(G) +
(1− p)|Z(G)| − |Z
∧
(G)|
pn|G|
=
1
pn−1
d(G) +
(1− p)|Z(G)| − (1− pnD
∧
n−1(G))|Z
∧
(G)|
pn|G|
.

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Theorem 3.7. Assume that G is a non-cyclic finite group and p is the smallest
prime number dividing the order of G. Then
D
∧
n(G) ≤
pn+1 + pn − 1
p2n+1
and the equality holds if and only if G/Z
∧
(G) is an elementary abelian p-group of
rank 2.
Proof. We proceed by induction on n. For n = 1 the result follows by Corollary
2.8. Now assume that the result holds for n − 1. First suppose that G is abelian,
by Theorem 3.6 we have
D
∧
n(G) ≤
1
pn−1
+
(1− p)
pn
+
(
pn
(
pn + pn−1 − 1
p2n−1
)
− 1
)
|Z∧(G)|
pn|G|
.
By using Beyl and Tappe ([2], proposition 4.9c), |Z
∧
(G)|/|G| ≤ 1/p2 and so
D
∧
n(G) ≤
1
pn
+
1
p2
(
pn + pn−1 − 1
p2n−1
−
1
pn
)
=
pn+1 + pn − 1
p2n+1
.
Now if G is non-abelian, then since D
∧
n(G) ≤ dn(G), the result holds by Proposition
2.4.
Now assume that G/Z
∧
(G) is an elementary abelian p-group of rank 2. Then
for all x ∈ G \ Z
∧
(G), [G : C
∧
G(x)] = p and C
∧
G(x)/Z
∧
(G) = 〈xZ∧(G)〉 is a cyclic
group of order p . For a, b ∈ C
∧
G(x) one has a = x
iz1 and b = x
jz2 for some
z1, z2 ∈ Z
∧
(G) and 0 ≤ i, j ≤ p − 1. Therefore a ∧ b = xiz1 ∧ x
jz2 = x
i ∧ xj = 1
and so D
∧
n−1(C
∧
G(x)) = 1 for all x ∈ G \ Z
∧
(G) and n ≥ 1. Hence all inequalities
in the above proof and the proof of Theorem 3.6 turn in to equality.
Conversely, assume that D
∧
n(G) = (p
n+1 + pn − 1)/p2n+1.Then
pn+1 + pn − 1
p2n+1
= D
∧
n(G) =
1
|G|n+1
∑
x∈G
|C
∧
G(x)|
nD
∧
n−1(C
∧
G(x))
≤
1
pn
+
|Z
∧
(G)|
|G|
(
D
∧
n−1(G)−
1
pn
)
Since G is not cyclic, D
∧
n−1(G) ≤ (p
n + pn−1 − 1)/p2n−1 and so
pn+1 + pn − 1
p2n+1
≤
1
pn
+
|Z
∧
(G)|
|G|
(
pn − 1
p2n−1
)
.
It follows that [G : Z
∧
(G)] ≤ p2. On the other hand by [2], Proposition 4.9c we
have [G : Z
∧
(G)] ≥ p2. Therefore G/Z
∧
(G) is an elementary abelian p-group of
rank 2. 
Theorem 3.8. Assume that p is the smallest prime number dividing the order of
non-abelian finite group G and Z
∧
(G) is proper subgroup of Z(G). Then
D
∧
n(G) ≤
p2n+1(p+ 1) + p2n − 1
p3n+1(p+ 1)
.
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Proof. Use induction on n. Since G is not unicentral and abelian, d(G) ≤ (p2+p−
1)/p3 and [Z(G) : Z
∧
(G)] ≥ p. For n = 1 the result follows by Corollary 2.8. Now
by Theorem 3.6 we have
D
∧
n(G) ≤
1
pn−1
(
p2 + p− 1
p3
)
+
|Z(G)|
|G|
(
p− p2 − 1 + pnD
∧
n−1(G)
pn+1
)
.
Since G is non-abelian, [G : Z(G)] ≥ p2 and by the induction hypothesis,
D
∧
n(G) ≤
p2 + p− 1
pn+2
+
1
p2
(
p2n−1(2p+ 1)− p2n(p+ 1)− 1
p3n−1(p+ 1)
)
=
p2n+1(p+ 1) + p2n − 1
p3n+1(p+ 1)
.

When G is a capable group, Our result gives a sharper upper bound for multiple
exterior degree as the following.
Theorem 3.9. Let G be a non-abelian capable group and p be the smallest prime
number dividing the order of G. Then D
∧
n(G) ≤ 1/p
n.
Proof. Use induction on n. By Proposition 3.4 and Theorem 2.5 one may assume
that Z(G)∩G
′
6= 1. Assume that C = {x1, ..., xk(G)} is a system of representatives
for the conjugacy classes of a finite group G. Then thanks to Theorem 2.8 in [11]
there is xi ∈ C− Z(G) such that [CG(xi) : C
∧
G(xi)] ≥ p. Therefore
D
∧
n(G) =
1
|G|n
k(G)∑
i=1
|C
∧
G(xi)|
n
|CG(xi)|
D
∧
n−1(C
∧
G(xi))
≤
1
|G|n
(
|Z
∧
(G)||G|n−1D
∧
n−1(G) +
|G|n−1
pn
(|Z(G)| − |Z
∧
(G)|) +
|G|n−1
p2n−1
)
+
1
|G|n
(
|G|n−1
pn−1
(k(G) − |Z(G)| − 1)
)
.
Since G is capable, Z
∧
(G) = 1 and so by inductive hypothesis,
D
∧
n(G) ≤
1
|G|
(
1
pn−1
+
1
pn
(|Z(G)| − 1|) +
1
p2n−1
+
1
pn−1
(k(G) − |Z(G)| − 1)
)
≤
1
pn−1
d(G) +
(
1− p
pn
)
|Z(G)|
|G|
.
On the other hand
d(G) ≤
1
p
+
(
p− 1
p
)
|Z(G)|
|G|
,
and so the result follows. 
Theorem 3.10. If the orders of the groups G and H are coprime, then
D
∧
n(G×H) = D
∧
n(G)D
∧
n(H).
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Proof. We proceed by induction on n. For n = 1, it has been proved in [11] Lemma
2.10. Since C
∧
G×H(g, h) = C
∧
G(g)×C
∧
H(h), by Theorem 3.2 and inductive hypothesis
we have
D
∧
n(G×H) =
1
|G×H |n+1
∑
(g,h)∈G×H
|C
∧
G×H(g, h)|
nD
∧
n−1(C
∧
G×H(g, h))
=
1
|G|n+1|H |n+1
∑
g∈G
∑
h∈H
|C
∧
G(g)|
n|C
∧
H(h)|
nD
∧
n−1(C
∧
G(g)) D
∧
n−1(C
∧
H(h))
=

 1
|G|n+1
∑
g∈G
|C
∧
G(g)|
nD
∧
n−1(C
∧
G(g))


×
(
1
|H |n+1
∑
h∈H
|C
∧
H(h)|
nD
∧
n−1(C
∧
H(h))
)
= D
∧
n(G)D
∧
n (H).

4. Some examples
Example 4.1. Let D2n = 〈a, b|a
2 = bn = (ab)2 = 1〉 be the dihedral group of
order 2n. By Example 3.1 in [11] we have Z∧(D2n) = 1 and d(D2n) = d
∧(D2n).
Furthermore, C
∧
D2n
(bi) = 〈b〉 and C
∧
D2n
(abi) = 〈abi〉. By using induction on m we
prove that
D
∧
m(D2n) =
nm + 2m+1 − 1
2(2n)m
.
D
∧
m(D2n) =
1
|D2n|m+1
∑
x∈D2n
|C
∧
D2n(x)|
mD
∧
m−1(C
∧
D2n(x))
=
1
(2n)m+1
(
(2n)mD
∧
m−1(D2n) + (n− 1)n
m + 2mn
)
=
1
(2n)m+1
(
(2n)m
(
nm−1 + 2m − 1
2(2n)m−1
)
+ (n− 1)nm + 2mn
)
=
nm + 2m+1 − 1
2(2n)m
.
Example 4.2. Let Qn = 〈a, b|a
n = b2 = (ab)2〉 be the generalized quaternion
group of order 4n, n ≥ 1 that its Schur multiplier is trivial and so is multiple
unidegree group. By the same computation as in the above example, we have
D
∧
m(Qn) = dm(Qn) =
nm + 2m+1 − 1
2(2n)m
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